The purpose of this paper is to discuss an application of the theory of vector bundle valued harmonic forms on a Riemannian manifold to the study of immersions.
1. Let M be an ^-dimensional Riemannian manifold and E a vector bundle over M with a metric along the fibers and a covariant differentiation D x satisfying y = <p x> for any vector field X and any sections φ and ψof £. A vector bundle E with these properties will be called a Riemannian vector bundle.
We shall denote C p (E) the real vector space of all Z?-valued differential pforms on M. We define an operator where V X J denotes the covariant derivative of the vector field X { in the Riemannian manifold M.
For an J?-valued 1-form θ we have the formula
(dθ)(X, Y) = (D X Θ)(Y)-(D Y Θ)(X)
The covariant differential Dθ of θ is an jB-valued (^+l)-tensor defined by
(DΘ)(X u -,X fi , X) = (D X Θ)(X U -,X P ).
We define an operator
d* : C p (E)-*C*-\E) (p>0)
as follows. Let x e M and let {e lf -,e n } be an orthonormal basis of the tangent space T X (M) of M at x. For any p-1 tangent vectors u ly " ,u p _ λ at Λ?, put
where {D e rj) x denotes the value of D x η at x for any vector field X such that X Λ = e k . Then (θ*^)^ is an alternating (p-l)-linear map of T X {M) into £*, the fiber of E over #, and the assignment
For any ^-valued 0-form Θ, we define 3*0 = 0. The Laplacίan Q for E'-valued differential forms is defined as • = 99*+9*9.
The curvature R of the covariant differentiation D in E is a Horn (E, E)-valued 2-forms given by Proof. Fix a point Λ GM and let {e ly " ,e n } be an orthonormal basis of T X (M). We can choose n vector fields E ir~y E n 'mM such that E^x) = e £ and (V Ek E £ ) x = 0 for i, k = l,*",n. Then, because ^eE { are zero for z, s = 1, , n, we have
On the other hand, 9*0 = -Σ£ s 'φE t 0)(£ s ) where (g") is the inverse matrix of s , t the matrix (g(E sy E t )), we have Assume now that M is compact and oriented. Then we can define the inner product (θ, η) of two JS-valued ^>-forms by
Then we obtain from Theorem 1 the following corollary. We remark that the operator 3* is the adjoint operator of 3, i.e. 2. Let M be an w-dimensional Riemannian manifold isometrically immersed in a Riemannian manifold M' of dimension n -\-p. We shall denote by N(M) and α the normal bundle and the second fundamental form of M [3] . The second fundamental form a is an iV(M)-valued symmetric 2-form on M.
In the following we put
and we interprete α as an ^-valued 1-form /? as follows: For any vector field X in M y β(X) is a section of Z? such that
β{X)Ύ=a(X,Y)
for all vector field Y in M. Then we have
We call also β the second fundamental form of M.
A metric along the fibres of E is defined naturally by the Riemann metrics of M and M / and a covariant derivation D x in Z? is also naturally defined by the cova- Proof. By a straightforward computation we see that Since V Ek E { = 0 at x, we have E k g st = 0 at x. Therefore we get from the above that
at x for Λ = 1, 2, , w and hence for any vector field X we have <(3* From Propositions 1 and 2 we get the following 
Theorem 2. Let M be a Riemannian manifold immersed isometrίcally into a Riemannian manifold M f of constant sectional curvature. Let β be the second fundamental form of M regarded as a Horn (T(M), N(M))-valued 1-form. Then β satisfies the equation

In particular
R\u, v)v a = -a(A a u } v)+a(u, A a v).
Since a (A a u, v Then we get from (3.6), (3.7) and (3.8) that
Now let λi α V ,λ£° be eigen-values of ^4 Λ and let {e[ a \-~,e^{ be an orthonormal basis of T X (M) such that A a e^ = \^e?\t=:l r " 9 n 9 a = 1, -,/>). We shall denote by Kίf the sectional curvature for the 2-plane spanned by e^ and ef\ i φ >.
We show that We write A(x) in the following form: Then we obtain from (3.11), (3.12) and (3.13) the equality (3.10). Now we cite the following two lemmas from [1] . 
